For any starting point in R d , d ≥ 3, we identify the stochastic differential equation of distorted Brownian motion with respect to a certain discontinuous Muckenhoupt A 2 -weight ψ. The discontinuities of ψ typically take place on a sequence of level sets of the Euclidean norm
INTRODUCTION
In this note we are concerned with the construction of a weak solution to the stochastic differential equation
where W is a d-dimensional standard Brownian motion, ρ is typically a Muckenhoupt A 2 -weight, ν a is the unit outward normal on the boundary of the Euclidean ball of radius a about zero, ℓ a ( X ) is the symmetric semimartingale local time at a ∈ (0, ∞) of X , η = k∈Z (2α k − 1)δ d k with (α k ) k∈Z ⊂ (0, 1) is a sum of Dirac measures at a sequence (d k ) k∈Z ⊂ (0, ∞) with exactly two accumulation points in [0, ∞), one is zero and the other is m 0 > 0. More accumulation points could be allowed. For a discussion on this point we refer to [10, Remark 2.6(ii)]. The absolutely continuous component of drift ∇ρ 2ρ is typically unbounded and discontinuous. For an interpretation of the equation we refer to Theorem 2.6 and Remark 2.7. Variants of (1) with reflection on hyperplanes, instead of balls, but without accumulation points and Lipschitz drift appear in [18, 8, 9, 17] . In particular, (1) is a multidimensional analogue of an equation that was thoroughly studied in [10] and both equations share a lot of similarities. For instance the way to determine (γ k ) k∈Z and (γ k ) k∈Z in (2) below, when (α k ) k∈Z in (1) is given, is the same here as in [10, Proposition 2.11] . The way to obtain (α k ) k∈Z from (γ k ) k∈Z and (γ k ) k∈Z is described in Remark 2.7 (cf. also [10, Remark 2.4 (ii) and Theorem 2.5] ). See further [10, Remark 2.7] for another similarity and [10, Section 3.3] as well as references therein for a possible application to models with countably many permeable membranes that accumulate. For the construction of a solution to (1) for any starting point x ∈ R d the key point is to identify (1) as distorted Brownian motion (see [1] , [4] for an introduction to distorted Brownian motion). Then, one needs to show that the absolute continuity condition [5, p.165 ] is satisfied for the underlying Dirichlet form and that the strict Fukushima decomposition [5, Theorem 5.5.5] is applicable. In order to identify (1) as distorted Brownian motion we proceed informally as follows. We consider the density ρφ for the underlying Dirichlet form in (3), where φ is a step function on annuli in R d , see (2) , and ρ is typically a Muckenhoupt A 2 -weight (see Remark 2.1(iii) below). For the precise conditions we refer to (H1)-(H3) in section 2. The logarithmic derivative, which is the drift of the distorted Brownian motion, is then informally given by
. This is rigorously performed through an integration by parts formula in Proposition 3.1 below. By results on Muckenhoupt weights in [15, 16] , the existence of a jointly continuous transition kernel density for the semigroup associated to the Dirichlet form given in (3) is obtained. A Hunt process with the given transition kernel density is implicitly assumed to exist in condition (H4) of section 2 (for ways to construct such a process, we refer to [13] , see also Remark 2.3). Under the conditions (H1)-(H4), we then show in a series of statements in sections 4 and 5, that the strict Fukushima decomposition can be applied to obtain a solution to (1) (see main Theorem 2.6).
Finally one could think of generalizing (1), or more precisely the process of Theorem 2.6(i) with reflections on boundaries of Lipschitz domains (instead of smooth Euclidean balls). The main ingredient to obtain this generalization would be [19, Theorem 5 .1] (see [21, section 5] ). In case of skew reflection at the boundary of a single C 1,λ -domain, λ ∈ (0, 1], ρ ≡ 1, and smooth diffusion coefficient, a weak solution has been constructed in [11, III. §3 and §4], see also references therein. However, the reflection term is defined as generalized drift and not explicitly as in Theorem 2.6.
FORMULATION OF THE MAIN THEOREM
Let m 0 ∈ (0, ∞) and (l k ) k∈Z ⊂ (0, m 0 ), 0 < l k < l k+1 < m 0 , be a sequence converging to 0 as k → −∞ and converging to m 0 as k → ∞. Let (r k ) k∈Z ⊂ (m 0 , ∞), m 0 < r k < r k+1 < ∞, be a sequence converging to m 0 as k → −∞ and tending to infinity as k → ∞. Let
where 
For a topological space X ⊂ R d with Borel σ-algebra B(X) we denote the set of all B(X)-measurable f : X → R which are bounded, or nonnegative by B b (X), B + (X) respectively. We further denote the set of continuous functions on X, the set of continuous bounded functions on X by C(X), C b (X) respectively. A function ψ ∈ B(R d ) with ψ > 0 dx-a.e. is said to be a Muckenhoupt A 2 -weight (in notation ψ ∈ A 2 ), if there exists a positive constant A such that, for every ball
For more on Muckenhoupt weights, we refer to [22] . Throughout we shall assume 
Furthermore, we shall throughout assume the following condition.
We consider the symmetric positive definite bilinear form
Since ρ φ ∈ A 2 , we have
, and the latter implies that (3) is a strongly local, regular, symmetric Dirichlet form (cf. e.g. [16, p. 274] ). As usual we define 
Furthermore, taking the Laplace transform of p t (x, y) there exists a resolvent kernel density r α (x, y) such that
. Accordingly, for a signed Radon measure µ, let us define
whenever this makes sense. Since p t (·, ·) is jointly continuous and p t (x, y) has exponential decay in y for fixed t and x in a compact set, (P t ) t≥0 is strong Feller, i.e.
For details, we refer to [13] . In particular
We consider further the following condition (H4) There exists a Hunt process
with state space R d ∪{∆} and life time ζ, which has (P t ) t≥0 as transition function, R 1 f is continuous for any f ∈ L 2 (R d , ρφdx) with compact support, and if φ const., we additionally assume
In (H4), ∆ is the cemetery point and as usual any function f : [13] .
Under (H4), M satisfies in particular the absolute continuity condition as stated in [5, p. 165] . It follows from Proposition 2.4 and the strong Feller property of (P t ) t≥0 that under (H4)
PROPOSITION 2.4. Let a Dirichlet form be given as the closure of
We will refer to [5] from now on till the end, hence some of its standard notations may be adopted below without definition. The following theorem is the main result of our paper. It will be proved in section 5.
THEOREM 2.6. Suppose (H1)-(H4) hold. Then: (i)
The process M satisfies 
which all hold for any x ∈ R d , k ∈ Z.
(ii) ( X t ) t≥0 , P x is a continuous semimartingale for any x ∈ R d and
where ℓ a t ( X ) is the symmetric semimartingale local time of X at a ∈ (0, ∞) as defined in [12, 
VI.(1.25)]. Remark 2.7. In view of Theorem 2.6, the non absolutely continuous drift component N in (5) may be interpreted as follows. Define
Then α k ∈ (0, 1) and
and so the drift component
corresponds to an outward normal reflection with probability α k and an inward normal reflection with probability 1 − α k when X t hits ∂B l k (cf. [21] 
The last summation is in particular only over finitely many r k , k ≥ 1, since f has compact support.
The first term equals
and the second term equals
by (H1) and Lebesgue, since
and lim
Remark 3.2. The integration by parts formula in Proposition 3.1 extends to f (x)
= | x − a|, a ∈ R, and to the coordinate projections.
STRICT FUKUSHIMA DECOMPOSITION
A positive Radon measure µ on R d is said to be of finite energy integral if
where C is some constant independent of f , and C 0 (R d ) is the set of compactly supported continuous functions on R d . A positive Radon measure µ on R d is of finite energy integral if and only if there exists a unique function U 1 µ ∈ D(E) such that
The measures of finite energy integral are denoted by S 0 . Let further
where
where C : (0, ∞) → R is an increasing function. In particular, for any f ∈ D(E)
Proof. Since ∂B l has Lipschitz boundary (actually C ∞ -boundary), we can see from 
. This is the first statement. Let f ∈ C ∞ 0 (R d ). Then, by the above, since f restricted to B l is in C ∞ 0 (B l ),
, the second statement follows.
A positive Borel measure µ on R d is said to be smooth in the strict sense if there exists a sequence (E k ) k≥1 of Borel sets increasing to R d such that 1 E k · µ ∈ S 00 for each k and
Here
The totality of the smooth measures in the strict sense is denoted by S 1 (see [5] ).
LEMMA 4.2. Suppose (H1)-(H4) hold. Let l ∈ (0, ∞). Then, for any relatively
Proof. Let l ∈ (0, ∞). By Lemma 4.1, ρ dσ l ∈ S 0 . Let us first show that ρ dσ l ∈ S 1 with respect to an increasing sequence of open sets
e. By assumption (H4) R 1 (ρdσ l ) is continuous. Since furthermore R 1 ϕ is continuous and R 1 ϕ is strictly positive, it follows that
are open sets that increase to R d . Choosing the constant function 1 ∈ C ∞ 0 (B l ) in Lemma 4.1 we see that ρdσ l is finite. Then, clearly 1 E k · ρdσ l is also finite for all k ≥ 1. So, it remains to show that the corresponding 1-potentials U 1 (1 E k · ρdσ l ) are ρφ dx-essentially bounded. Let (G 1 ϕ) E k be the 1-reduced function of G 1 ϕ on E k as defined in [20] . Then E · ∞ σ E k e −t ϕ(X t ) dt is a ρφ dx-version of (G 1 ϕ) E k . We have (for intermediate steps see [20, p.416 
This implies that 
By Lemma 4.2, we know that ρdσ r ∈ S 1 for any r ∈ (0, ∞). Hence, by [ 
Here, A + c,1 denotes the positive continuous additive functionals in the strict sense. 
In particular µ ∈ S 1 − S 1 .
Proof. It suffices to show that µ n ∈ S 00 for any n ∈ N, n > m 0 , where
First we show that µ n ∈ S 0 . Let f ∈ C ∞ 0 (R d ). Then, by Lemma 4.1
where C(n) is as in Lemma 4.1. Now, we show µ n ∈ S 00 . Let f ∈ C ∞ 0 (B n ) such that f = 1 on B n−ǫ where ǫ > 0 is small enough to satisfy (n − ǫ) > max {k∈Z:r k <n} r k . Then, by Lemma 4.1 again
By the proof of Lemma 4.2, we can see that
independently of l ∈ (0, ∞). For any relatively compact open set G, there exists
Therefore, µ ∈ S 00 . In particular ∂ j ρ φ dx ∈ S 1 − S 1 , j = 1, . . . , d.
Proof. It suffices to show that 1 G · |∂ j ρ| φ dx ∈ S 00 . By Remark 2.2, it is easy to see that 1 G · |∂ j ρ| φ dx ∈ S 0 and that 1 G · |∂ j ρ| φ dx(R d ) < ∞. We can show that
by replacing the E k in the proof of Lemma 4.2 with E ′ k := { R 1 (1 G · |∂ j ρ| φ dx) < k 2 R 1 ϕ }. P x -a.s. for any x ∈ R d , t ≥ 0, where sign is the point symmetric sign function. Let h(x) := x − a , a ∈ {m 0 , l k , r k : k ∈ Z}, x ∈ R d . Then ∂ j h is everywhere bounded by one (except in a). Thus, applying [5, Theorem 5.5.5] to h, which is in D(E) b,loc , we obtain again similarly to (i)
P x -a.s. for any x ∈ R d , t ≥ 0. Comparing (7) and (8), we get the result. 
